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Neural networks have been extensively used in recommender systems. Embedding layers are not only neces-

sary but also crucial for neural models in recommendation as a typical discrete task. In this article, we argue

that the widely used �2 regularization for normal neural layers (e.g., fully connected layers) is not ideal for

embedding layers from the perspective of regularization theory in Reproducing Kernel Hilbert Space. More

specifically, the �2 regularization corresponds to the inner product and the distance in the Euclidean space

where correlations between discrete objects (e.g., items) are not well captured. Inspired by this observation,

we propose a graph-based regularization approach to serve as a counterpart of the �2 regularization for em-

bedding layers. The proposed regularization incurs almost no extra computational overhead especially when

being trained with mini-batches. We also discuss its relationships to other approaches (namely, data aug-

mentation, graph convolution, and joint learning) theoretically. We conducted extensive experiments on five

publicly available datasets from various domains with two state-of-the-art recommendation models. Results

show that given a kNN (k-nearest neighbor) graph constructed directly from training data without external

information, the proposed approach significantly outperforms the �2 regularization on all the datasets and

achieves more notable improvements for long-tail users and items.
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1 INTRODUCTION

Followed by the great success in computer vision, neural/deep approaches have also been prevalent
to deal with discrete objects (e.g., words and sentences in NLP, product items and user sequences
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in recommendation) in both academia and industry. They not only have superior performances
but also can be deployed easily in real-world production settings. Nonetheless, a crucial issue
is that neural networks normally operate in Euclidean spaces instead of discrete domains (e.g.,
vocabulary of words and collection of items). The common treatment is to learn a discrete mapping
(essentially, a lookup table) tomap discrete objects into the Euclidean space and another one tomap
the output from neural networks back to the discrete space. These mappings are often dubbed as
embedding layers, by which we can tell these “layers” are generally treated the same as other neural
layers especially when it comes to regularization. However, are those regularization techniques
invented for mappings between Euclidean spaces also suitable for embedding layers? Our answer
is no.
In this article, we focus on a typical discrete domain problem, item recommendation, to study

this research question. We first point out this issue with Reproducing Kernel Hilbert Space (RKHS)
theory by showing that �2 penalties commonly used in regularizing neural networks are not ideal
for regularizing embedding layers (Section 3.1). Specifically, training embedding layers with �2 reg-
ularization corresponds to using a kernel function that merely measures similarities between user
behaviors by counting their co-clicked items (not being aware of higher-order proximity, widely
leveraged in the context of collaborative filtering [7, 52, 63]). Also, the stabilitywith regard to per-
turbations is bounded in terms of Euclidean distances, not being aware whether it is a relevant
perturbation or not. These problems might, in turn, hurt generalization capacities and become
more critical when we come across sparse datasets or the long tail phenomenon.
From our theoretical analysis, the main reason for this issue is that the correlations between

items are not well captured in the �2 regularization. However, these correlations are crucial, since
the main point of having embedding layers is to encode semantic correlations among discrete ob-
jects in latent spaces. Therefore, we propose to use a simple yet sound regularization approach
based on graph Laplacians to overcome the above-mentioned limitations, motivated by the fact
that graphs are generic tools to model relations between discrete objects (Section 3.2). With the
proposed regularization, we encourage embedding layers to preserve the underlying structure of
discrete spaces to get better stability properties, reduce overfitting and thus obtain better model
performances. Moreover, as graphs are compact representation of complex relations, it suffices to
have only a small number (O (m),m is the set of items) of edges. As a result, the proposed regu-
larization approach incurs no substantial computational overhead, especially when being trained
with mini-batches.
Furthermore, we analyze the proposed regularization approach from different perspectives (Sec-

tion 3.5). We show that training with the proposed graph-based regularization corresponds to data
augmentationwith data noising and smoothing by random-walk-like diffusion on graphs. We also
illustrate its relationship to graph convolutional networks (GCN), which have recently attracted ex-
tensive research efforts [59] and point out that the proposed regularization is essentially a more
reasonable low-pass filter than graph convolutions. Finally, we discuss its connections to such ap-
proaches that jointly learn from collaborative signals (user-item interactions) and co-occurrence
signals (item-item interactions).
We evaluated the proposed regularization with two state-of-the-art recommendation models

(Section 4). Through extensive experiments on five datasets, we demonstrate that the effectiveness
of the proposed regularization. Results also show that the proposed approach brings about more
significant improvements regarding long-tail items and users that are inevitable and challenging
in real-world recommender systems [18]. Besides, experiments suggest that the proposed regular-
ization can help to obtain better generalization and produce higher quality embeddings. Finally,
we investigated the effects of different forms of graphs and different settings of hyper-parameters.
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To sum up, the main contribution of this article is threefold:

• We point out that the widely used �2 regularization is not ideal for embedding layers from
the RKHS perspective.We provide specific implications of training recommendationmodels
with �2 regularization.

• Motivated by our analysis, we propose a generic and efficient graph-based regularization
approach and discuss its relationships to other methods, viz. data augmentation, graph con-
volution and joint learning.

• We conducted extensive experiments with two state-of-the-art neural recommendation
models on five publicly available datasets. Results demonstrate the effectiveness of the pro-
posed regularization and support our theoretical analysis as well.

2 BACKGROUND AND PRELIMINARIES

2.1 Problem Formulation and Notations

In this article, we focus on the problem of item recommendation with implicit feedback. That is,
only implicit user feedback, such as clicks, watch history, and purchases, is available in contrast to
explicit rating information. The goal is to learn a function f (·) that takes user historical behaviors
as input and outputs relevance scores for candidate items to each user. The domain of f (dom( f ))
is a discrete space of all possible combinations or permutations of items depending on whether the
ordering of users’ sequential behaviors is considered. The range of f (ranдe ( f )) is usually a discrete
probability space (though, sometimes un-normalized) over items. Generally speaking, the learning
process is essentially data fitting. In the former case, the training data can be represented as a
user behavior matrix X ∈MN×m and a ground truth matrix of users’ interested items Y ∈MN×m ,
where m and N are the number of items and users, respectively, and each row of the matrices
(namely, xi or yi ) is a multi-hot encoding. In the latter, X becomes an N × L ×m tensor (L is the
maximum length of user behavior sequences), where each sequence i is represented by an L ×m
matrix Xi , the lth row of which is a one-hot encoding for the lth behavior.
As mentioned in Section 1, if we want to make use of neural networks to build a function f , then

there must exist an input embedding layer that maps dom( f ) to Euclidean space and another out-
put embedding layer mapping neural outputs in the Euclidean space back to ranдe ( f ). Thus, the
learnable parameters in f can be grouped into three categories {E,W ,O }, where E and O are pa-
rameters within the input and output embedding layers, respectively, andW are other parameters
within the neural networks.
The thesis of this article is that it is not ideal to treat these three categories of parameters equally

as people usually do: Even �2 regularization, one of the most commonly used regularization tech-
niques for neural netsW , is shown to be not a very suitable choice for embedding layers E andO ;
instead, the proposed graph Laplacian regularization is a more proper counterpart.

2.2 Recommendation Models

We review two state-of-the-art recommendation models that are studied in this work (Section 4).

2.2.1 Mult-DAE. Using denoising auto-encoders (DAE) for recommendation has been dis-
cussed in several prior works (e.g., References [19, 27, 58]). We choose its latest variant Mult-DAE
proposed by Liang et al. [27] due to its conciseness and effectiveness. Mult-DAE consists of a neural
encoding function zi = дϕ (xi ) that encodes the multi-hot encoding of a user’s historical behaviors
xi into a dense vector zi and a neural decoding function x̂i = hθ (zi) that outputs predicted item
relevance. Note that the first layer of дϕ is the input embedding layer parameterized by E and
the last layer of hθ is the output embedding layer parameterized by O . Then, they use softmax
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to obtain a normalized relevance distribution over items, i.e., x̃i = softmax(x̂i). In Mult-DAE, the
ground-truth matrix Y is the same as the input matrix X . To avoid trivial solutions, they randomly
dropout input user behaviors during training.

2.2.2 SASRec. Compared with Mult-DAE, SASRec [20] exploits sequential information of user
behaviors. It uses Transformer [45], a seq2seq model recently proposed in NLP, to model user se-
quences. In SASRec, the input and the output embedding layers (as an analogy of word embedding
layers) share the same set of parameters, that is, E = O . Since SASRec always predicts the next user
behavior, each Xi represents the user behaviors before certain time step t (cropping or padding to
length L) and the corresponding yi is the one-hot encoding of the user behavior at time step t .

2.3 RKHS and Tikhonov Regularization

We briefly review vector-valued RKHS theory and refer the reader to a comprehensive yet ap-
proachable survey by Alvarez et al. [1]. Suppose we are interested in learning functional rela-
tionships between an input space X and an output vector space RD .1 Given a symmetric kernel
function K : X × X �→ RD×D , we can induce a Hilbert space of vector-valued functions,

H =
{
f ��� f (x) =

p∑
i=1

K (xi, x)ci, p ∈ N+, xi ∈ X, ci ∈ RD
}
,

with the inner product and the norm

〈f ,д〉H =
p∑
i=1

p′∑
j=1

ci
�K (xi, x

′
j )c
′
j , (1)

‖ f ‖H =
√
〈f , f 〉H =

√√√ p∑
i=1

p′∑
j=1

ci�K (xi, xj)cj , (2)

where f (x) =
∑p

i=1 K (xi, x)ci and д(x) =
∑p′

i=1 K (x′i , x)c′i .
2 The induced space is called a reproduc-

ing kernel Hilbert space (RKHS) induced byK , because it has the following reproducing properties:

〈f ,K (·, x)c〉H = 〈f (x), c〉. (3)

The idea of Tikhonov regularization is that we want to select a function from the RKHS that not
only minimizes an empirical loss but also has a lower complexity measured by its norm. Formallly,

arg min
f ∈H

1

N

N∑
i

V ( f (xi ), yi ) + λ‖ f ‖2H , (4)

where {(xi , yi )} areN training samples andV ( f (x), y) is the loss function tomeasure the deviation
of prediction f (x) from the ground-truth y, for example, �2 loss ‖ f (x) − y‖22 .

The solution to Equation (4) can be represented by the expression

f (x ) =
N∑
i=1

K (xi , x)ci, (5)

1The reader can imagine X and RD as the spaces of user behavior sequences and relevance prediction over D candidate

items, respectively. Later, we will assume them both to bem-dimensional vector spaces for the sake of simplicity.
2Note that {xi} can be arbitrary points in X so that we deliberately use a different notation from that for data points {xi}
to avoid confusion.
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which is the well-known representer theorem proved by Kimeldorf and Wahba [21]. Specifically, if
V is the �2 loss, the coefficient satisfies the following linear system:

c = (K (X,X) + λN I)−1y, (6)

where c and y are ND vectors obtained by concatenating the coefficients and ground-truth labels,
respectively, and K (X,X) is an ND × ND block matrix with entries [K (xi , xj)]d,d ′ .

3 METHODOLOGY

3.1 Motivation: Issues with �2 Regularization

To motivate the proposed graph Laplacian regularization, we first recover the commonly used �2
regularization under the Tikhonov regularization framework with a simplified linear model.

Proposition 3.1. Suppose the input and the output space are bothm-dimensional vector spaces,

i.e., Rm , given kernel function K (xi, xj) = kE (xi, xj) · KO, where kE (xi, xj) = xi
�KExj and KE,KO are

nonsingular matrices,

(1) the RKHS induced by K (·, ·) is

H =
{
f ��� f (x) =

p∑
i=1

K (xi, x)ci = Θx,Θ ∈ Rm×m
}
, (7)

where Θ = KOCXKE (C = [c1, . . . , cp] and X = [x1, . . . , xp]
�);

(2) the induced norm is ‖ f ‖H =
√
tr(K−1

E
Θ�K−1

O
Θ).

The recommendation problem withm items can be simplified as selecting a function from the
space of linear transformations, namely, H , with the loss function given in Equation (4). Thanks
to the representer theorem, Θ can be represented by KOCXKE (as a remainder, X is the input
data/user behavior matrix). Because user behaviors usually have strong clustering properties, X is
by far a full-rankmatrix and hence all possibleΘ are also low-rankmatrices as well (i.e., rank(Θ) ≤
rank(X) � d �m). Thus, we can decompose the linear model in Equation (7) by two low-rank
matrices Θ1 and Θ2 ∈ Rm×d to obtain the most concise recommendation model for illustration,
i.e.,

f (x) = Θx = Θ2Θ
�
1 x, (8)

where x is the multi-hot encoding of clicked items as mentioned in Section 2.1. In this model, Θ1

and Θ2 can be regarded as input and output embedding layers, of which each row corresponds to
an item, respectively3; the neural layers degenerate to an identity transformationwith no learnable
parameters. In short, E = {Θ1}, O = {Θ2} andW = ∅.
Then, we can obtain the Tikhonov regularization for this model,

arg min
Θ1,Θ2

1

N

N∑
i=1

V ( f (xi ), yi ) + λ·tr
((
Θ�1 K

−1
E Θ1

)
·
(
Θ�2 K

−1
O Θ2

))
. (9)

However, Equation (9) is not convex w.r.t. (Θ1,Θ2), because the trace of a product of two matrices
(i.e., tr(AB)) is not convex. Thus, we can resort to optimize the convex envelope (the tightest
convex lower bound) of this non-convex function with the following proposition.

3To see this, the ith row Θ1 (i, :) and Θ2 (i, :) denote input and output embeddings for item i , respectively. This simplified

model first retrieves input embeddings for all clicked items (i.e., {Θ1 (i, :) |∀i, xi = 1}), aggregates them by sum pooling

and then projects to the output embedding Θ2 (i, :) to get the relevance score for each item i .
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Proposition 3.2. The convex envelope of f ((A,B)) = tr(AB) over the set M = {(A,B) ∈ Sn ×
Sn |O � A,B � I,σn (A) + σn (B) ≥ 1} (σn (A) and σn (B) are the smallest eigenvalues of A and B,

respectively) is tr(A) + tr(B) − n.
This proposition is proved with the fact that the bi-conjugate function f ∗∗ is the (closed) convex

envelope of f (see Appendix A.2). In addition, the trace of a product of two matrices are bounded
by the sum of traces of these two matrices, i.e., tr(A) + tr(B) − n ≤ tr(AB) ≤ tr(A) + tr(B) when
O � A,B � I. Thus, Equation (9) now can be reasonably approximated by

arg min
Θ1,Θ2

1

N

N∑
i=1

V ( f (xi ), yi ) + λ·
(
tr
(
Θ�1 K

−1
E Θ1

)
+ tr
(
Θ�2 K

−1
O Θ2

))
. (10)

If KE = KO = I, then we recover the �2 regularization,

arg min
Θ1,Θ2

1

N

N∑
i=1

V ( f (xi ), yi ) + λ ·
(
tr
(
Θ�1 Θ1

)
+ tr
(
Θ�2 Θ2

))

= arg min
Θ1,Θ2

1

N

N∑
i=1

V ( f (xi ), yi ) + λ ·
(
‖Θ1‖2F + ‖Θ2‖2F

)
.

(11)

After formulating �2 regularization as an approximation for Tikholov regularization in RKHS, we
point out issues in using this type of regularization to motivate our work.
According to Equations (5) and (6), the solution to Equation (9) (assuming that V is the �2 loss

for simplicity and N is relatively large) is

f (x) ≈
N∑
i=1

1

λN
kE (xi , x)KOyi . (12)

The prediction f (x) at a test point x is (approximately) a weighted average of transformed ground-
truth labels KOyi and the weights are similarities kE (xi , x) between x and user behaviors xi in the
training set. However, one issue is that, in the case of �2 regularization where KE = KO = I, the
similarity (i.e., kE (xi , x) = x�i x) is only measured by the count of their shared items. Therefore,
higher-order proximity cannot be aware of in this model, for example, if we add to x some items
that are neither in x nor xi but often co-clicked with (hence, relevant to) those items in xi and let x

′
denote the result, x′ should have been considered as more relevant to xi than xwhile the similarity
measure remains unchanged, i.e., kE (xi , x) = kE (xi , x

′). Also, the multi-hot encoded ground-truth
labels {yi } that are being averaged are sparse and “non-smooth” in the sense that two similar items
can be regarded as relevant (1) and irrelevant (0) at the same time, respectively. This is more of
an issue if the data point x we are evaluating at only has a small number of items, meanwhile,
most of which are long-tail items. In that case, only a small number of sparse ground-truth labels
are averaged out in Equation (12) leading to a high prediction variance (see empirical evidence in
Section 4).
Furthermore, we also investigate the stability bound of the model.

Proposition 3.3. For any function f from the RKHS in Proposition 3.1 and any vector x,Δx ∈ Rm ,

the stability of f at the point x with regard to perturbation Δx is bounded as follows 4:

‖ f (x + Δx) − f (x)‖K−1
O
≤ ‖ f ‖H · ‖Δx‖KE

. (13)

4We denote ‖v‖M = 〈v, Mv〉 for any vector v and matrixM.
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We can see that, if KO = KE = I as in the �2 regularization, the perturbation and the deviation of
f (x) against it in the stability bound are both measured by Euclidean distances, i.e., ‖ f (x + Δx) −
f (x)‖2 and ‖Δx‖2. However, the Euclidean distance cannot properly capture semantic differences
within the discrete item spaces. For instance, suppose we replace an item in xwith a relevant item
and an irrelevant one, and let Δrel and Δirrel denote the changes, respectively. The magnitude of
these two perturbations are deemed as the same and f (x + Δrel) is not bounded to be closer to

f (x) than f (x + Δirrel), simply because ‖Δrel‖2 = ‖Δirrel‖2 =
√
12 + 12 =

√
2.

To sum up, �2 regularization implicitly assumes that the regularized transformations (e.g.,
Θ1,Θ2) should lie in the Euclidean space. However, the correlation among dimensions are not
captured in the Euclidean space, while the items are highly interacted with each other, which is
the underlying mechanism that enables recommender systems to work. This can be made more
clear from the Bayesian perspective [55]: IfV is the �2 loss, then the solution to the regularization
problem is exactly the posterior mean of the Gaussian Process (GP), which assumes that

f (X) ∼ N (0,K (X,X)), (14)

where K (X,X) = (XKEX
�) ⊗ KO (⊗ is the Kronecker product) in our case, where XKEX

� and KO

denote correlations between rows (i.e., users) and columns (i.e., items), respectively.

3.2 Graph-based Regularization

Motivated by the analysis above, we propose to use graphs as a generic tool to capture correlations
between the discrete objects. More specifically, given a graph G, which encodes the relevance
relationships among items, we choose the inverse of the regularized graph Laplacian [40] as input
and output kernel matrices, that is,

KE = (I + γE · LG )−1, (15)

KO = (I + γO · LG )−1, (16)

where γE ≥ 0 and γO ≥ 0 are tunable parameters and LG is the graph Laplacian given by LG =
D − A (used in the rest of this article) or its normalized form LG = I − D−1/2AD−1/2 with diagonal
degree matrix D and adjacency matrix A of graph G. Compared with the graph Laplacian matrix,
which encodes local interactions between only a few pairs of items, its inverse captures global
correlations between each pair, analogous to precision matrices versus covariance matrices.
By plugging Equations (15) and (16) into Equation (10), we obtain the proposed regularization

term for embedding layers,

Lreg = tr
(
Θ�1 (I + γE · LG )Θ1

)
+ tr
(
Θ�2 (I + γO · LG )Θ2

)
= tr
(
Θ�1 Θ1

)
+ tr
(
Θ�2 Θ2

)
+ γE ·tr

(
Θ�1 LGΘ1

)
+ γO ·tr

(
Θ�2 LGΘ2

)
= ‖Θ1‖2F + ‖Θ2‖2F + γE ·

∑
(i, j )∈G

‖Θ1 (i, :) − Θ1 (j, :)‖22 + γO ·
∑

(i, j )∈G
‖Θ2 (i, :) − Θ2 (j, :)‖22 ,

(17)

where Θ1 (i, :) denotes the ith row of input embedding matrix Θ1, i.e., the embedding vector of
the ith item as an input, and so forth. If γE = γO = 0 or G is an empty graph, then KE = KO = I

and Lreg degenerates to �2 regularization. Otherwise, we can check that the issues mentioned in
Section 3.1 get resolved with the proposed regularization. Notably, the LHS of the stability bound
in Equation (13) can be decomposed into two parts now,

���f (x + Δx) − f (x)‖K−1
O
= f (x + Δx) − f (x)‖2

+ γO ·
∑

(i, j )∈G
([f (x + Δx) − f (x)]i − [f (x + Δx) − f (x)]j )

2, (18)
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where the first term measures deviations of f (x + Δx) from f (x), and the second term quantifies
the consistency of deviations among correlated items. Furthermore, the consistency among pre-
dictions for items made by f is also bounded by the norm of f and user histories, ‖ f (x)‖KO

−1 =∑
(i, j )∈G ( f (x)i − f (x)j )

2 ≤ ‖ f ‖H · ‖x‖KE
.

Note that the regularization term given in Equation (17) is applicable to embedding layers for
arbitrary neural recommendation models although it is derived from a simplified model for more
insight. In Section 4, we will evaluate the proposed regularization technique with two state-of-
the-art recommendation models.

3.3 Constructing Graphs from Data

There are various ways to obtain graph G, e.g., References [2, 10]. Since this line of research is
mostly orthogonal to our contribution, here we only discuss two guidelines for graph construction.

• Accurate Edges.The point of the graph here is to capture correlations between items. Thus,
the more faithfully the edges can reflect correlated item pairs, the better performance the
graph-based regularization can achieve. That being said, it is not necessary nor practical to
pursue a perfect graph to obtain a significant improvement over the �2 regularization. After
all, we are replacing an empty graph as assumed in the �2 regularization with a graph that
is capable of providing some signals about item correlations.

• BalancedDistribution. It is important to avoid having an overly unbalanced degree distri-
bution. For instance, as might not be easily noticed, it is not a good choice to use the number
of co-occurrences in user behavior sequences (i.e., |Ui ∩Uj |, whereUi denotes the set of
users who have clicked item i and so forth) as the metric to select edges connecting relevant
items. It would lead to a highly biased degree distribution towards head/popular items.

Following the above guidelines, we use the k-nearest neighbor (kNN) graph based on the Jaccard
similarities between the sets of users who have clicked the items, i.e., |Ui ∩Uj |/|Ui ∪Uj |. This
is just a simple heuristic-based graph construction procedure, so it is not necessarily optimal and
the results in our experiments only provide a lower bound for the performance of our proposed
approach. The reader can find more empirical discussions in Section 4.3.4.

3.4 Training and Time Complexity

The proposed approach differs from �2 regularization in the last two additional terms as in Equa-
tion (17). The form of these two terms has computational advantages. First, the summation is
taken over the set of edges, while graphs have the ability to represent complex relations with very
sparse structures. Empirical studies suggest that a constant (say, three to five) times of the number
of nodes/items (i.e.,O (m), m is the number of items) suffices as the number of edges to bring about
substantially improvements. Thus, these two added terms are nomore time-consuming to calculate
than the first two terms as also appear in �2 regularization. Formally, given that the number of edges
is |G| = O (m) in the graph used for regularization, the time complexity isO ((m + |G|)d ) = O (md )
where d is the embedding dimension.
More importantly, the computation of the two added terms is highly parallelizable. During each

training iteration, we only need to sample a batch of edges to approximate the summations. This
makes the proposed regularization more efficient so that it even takes almost no extra wall-clock
time (not only asymptotically) than �2.

3.5 Relationship to Other Approaches

3.5.1 Graph-based Regularization as Data Noising and Smoothing. Bishop [5] proves the cor-
respondence between Tikholov regularization and training with noises if a sum-of-squares error
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function is used. We now reach to an analogous result and investigate the specific form of noises
that the proposed graph-based regularization is connected to. We start by plugging Equations (15)
and (16) into Equation (5),

f (x) ≈ 1

λN

N∑
i=1

〈(I + γE · LG )−1xi , x〉 · (I + γO · LG )−1yi

=
1

λN

N∑
i=1

Ex̃i∼P ( · |xi )Eỹi∼P ′ ( · |yi )〈x̃i, x〉 · ỹi,
(19)

where P (·|xi ) (the same with P ′(·|yi )) is the probability distribution of random vector x̃i obtained
by independently replacing each jth item of xi , if xi j = 1, randomly with another item according to
the jth column of (I + γE · LG )−1, which is a probability mass distribution thanks to the following
proposition.

Proposition 3.4. If LG is the unnormalized graph Laplacian, then (I + γE · LG )−1 and (I + γI ·
LG )−1 are stochastic matrices (i.e., component-wise non-negative and each row/column sums to one).

Therefore, suppose that we use �2 loss, training with the proposed regularization term in Equa-
tion (17),

arg min
Θ1,Θ2

1

N

N∑
i=1

‖ f (xi ) − yi ‖22 + λ · Lreg, (20)

leads to the same solution as optimizing the �2-regularized loss with noises/perturbations,

arg min
Θ1,Θ2

1

N

N∑
i=1

E x̃i ∼P (·|xi )
ỹi ∼P ′ (·|yi )

‖ f (x̃i ) − ỹi ‖22 + λ ·
(
‖Θ1‖2F + ‖Θ2‖2F

)
. (21)

We dive deeper into the noising mechanism. Suppose graph G is approximately k-regular (i.e.,
the degree of each node is k) for mathematical simplicity,

(I + γ · LG )−1 ≈ 1

1 + γk

(
I − γ

1 + γk
A

)−1

=
1

1 + γk
I +

∞∑
t=1

(γk )t

(1 + γk )t+1

(
1

k
A

)t
,

(22)

where the second line is due to the fact −I ≺ γ/(1 + γk )A ≺ I guaranteed by Gershgorin’s circle
theorem, because the off-diagonal entries of each row in γ/(1 + γk )A sums to strictly less than
one. Equation (22) tells that one item stays unchanged with probability γ/(1 + γk ) or, otherwise,
is replaced by another item (though, not necessarily a different item) sampled from a random walk
process where the walker stops at step t with probability (γk )t/(1 + γk )t+1.
Interestingly, our work can also be viewed from a similar perspective to Xie et al. [60] and Kong

et al. [23] in NLP where the connections between data noising in neural language models and
smoothing in n-grammodels are derived. In other words, trainingwith the proposed regularization
is equivalent to propagating multi-hot encodings (i.e., {xi} and {yi}) on graphs to obtain smoother
inputs and labels (i.e., ({I + γE · LG )−1xi } and {(I + γO · LG )−1yi }) used for training. Different from
n-gram-based noising, which corresponds to replacing a word with another one sampled from a
unified n-gram distribution for any word, our approach smooths data by replacing an item with its
relevant substitutes via random walks started at that item (analogous to the synonym replacement

technique [54, 69] in NLP).
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3.5.2 Graph-based Regularization as Low-pass Filter. Another tempting approach for our prob-
lem is to stack GCN (Graph Convolution Network) layers on embeddings layers to propagate em-
beddings over graphs. Formally,

f (x) = ϕ2 (Φ2) · ϕ1 (Φ1)
� · x, (23)

where ϕ1 and ϕ2 are, say, K-layer GCNs on input and output embeddings layers, respectively.
To compare this approach with the proposed, we follow the idea of Wu et al. [56] to consider a
simplified version of GCN by removing nonlinearity in it (Wu et al. also show that this simplied
version can obtain comparable, occasionally even better, performance), which results in

f (x) = SKΦ2 · (SKΦ1)
� · x = S̃Φ2 · (S̃Φ1)

� · x. (24)

From this form, as argued by Wu et al., GCNs are merely low-pass filters associated with S̃,
while different designs of GCNs correspond to different choices of propagation matrices S and
in turn different low-pass filters. For instance, Kipf and Welling [22] derive a propagation matrix
S1 = I + D−1/2AD−1/2 based on the first-order Chebyshev approximation, which implies the low-
pass filter д1 (λi ) = (2 − λi )K associated with S̃1 = (2I − LG )K , where λi denotes the ith eigenvalue
of normalized graph Laplacian LG5; to avoid numerical instabilities, they also propose to use a

different GCN design by adding self-loops to each node so that S2 = D̃−1/2ÃD̃−1/2 (Ã = A + I and

D̃ = D + I) and low-pass filter д2 (λ̃i ) = (1 − λ̃i )K associated with S̃2 = (I − L̃G )K .
This simplified form provides us with a good starting point to compare our work with GCNs.

We first recover a similar form as in Equation (24) with the RKHS defined in Proposition 3.1.

Proposition 3.5. With the RKHS in Proposition 3.1, Tikholov regularization is equivalent to learn-

ing a f (x) = (K1/2
O

Φ2) · (K1/2
E

Φ1)
� · x with the following loss function,

argmin
Φ

1

N

N∑
i

V ( f (xi ), yi ) + λ ·
(
‖Φ1‖2F + ‖Φ2‖2F

)
. (25)

This proposition tells that the proposed graph-based regularization is implicitly a low-pass
filtering process as well. However, it utilizes a different low-pass filter from those in GCNs:

д3 (λi ) = 1/
√
1 + γλi associated with S̃3 = KE/O

1/2 = (I + γLG )−1/2. The benefits of the low-pass
filter д3 are

(1) it is positive and monotonically decreasing across the whole spectrum of graph Laplacian
compared with polynomial filters (especially, д2),

(2) it does not blow up near zero as some other graph filters (e.g., д1), which could lead to a
larger generalization gap according to Verma and Zhang [46],

(3) it applies to both normalized and unnormalized graph Laplacian (i.e., the eigenvalues {λi }
are not necessarily bounded in [0, 2] as required by д1 and д2).

Moreover, the receptive field of convolution filter S̃3 = (I + γLG )−1/2 is not limited within certain
K-hop neighborhood, while it is still “localized” in the sense that the contribution of neighbors
decays with their distances (see Equation (22)). However, directly applying such graph filter by
matrix multiplication as opposed to its equivalent regularization approach is computationally in-
efficient, because it involves calculating the inverse of the graph Laplacian matrix.

5Larger eigenvalue λi of graph Laplacian LG means higher frequency of the corresponding eigenvector as a (basis) graph

signal and therefore д (λi ) should be smaller (but still positive) for low-pass filtering.
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3.5.3 Graph-based Regularization as Joint Learning. Besides user-item relations, modeling item-
item relations is another popular approach for recommendation (e.g., a memory-based version [29]
and a model-based version [53]). Learning with the proposed regularization can also be considered
as a joint learning process of these two approaches: the last two terms in Equation (17) are mod-
eling item-item similarities encoded in the given graph G. Similar joint learning techniques have
been successfully used in the context of matrix factorization (MF) [7, 8, 26, 61]. For example, Co-
Factor [26] jointly decomposes the user-item interaction matrix and the item-item co-occurrence
matrix with shared item latent factors. Our article extends this line of research to general recom-
mendationmodels and provides a theoretical justification for the proposed joint learning approach.

4 EMPIRICAL STUDY

4.1 Research Questions

We are interested in whether and, if so, how the proposed regularization approach can improve
recommendation performances. This principal research question is broken down into the following
specific ones to guide our empirical study.

RQ1. How does the proposed regularization approach affect the performances of recommen-
dation models? Is the regularization on both the input and the output embedding layers
necessary?

RQ2. In what circumstances does the proposed regularization perform better?
RQ3. Why does the proposed graph-based regularization work?
RQ4. How do different forms of the graphs affect the effectiveness of the proposed regularization?

Are the proposed guidelines for constructing the graphs valid?
RQ5. How do different settings of hyper-parameters (i.e., λ and γ ) affect the effectiveness of the

proposed regularization?

4.2 Experimental Setups

In our experiments, we apply the proposed graph-based regularization approach to two state-
of-the-art neural recommendation models introduced in Section 2.2, Mult-DAE [27] and SASRec

[20] (both with properly tuned �2 regularization on all the parameters) on five publicly available
datasets. Mult-DAE is tested on the following datasets where the ordering of user behaviors is
ignored.

• ML-20M [12]. This is a widely used benchmark for collaborative filteringmethods.We keep
ratings of four or higher and interpret them as implicit feedback as in Liang et al. [27]. We
filter out users and items with fewer than five interactions.

• LastFM [6]. This dataset contains users’ playback counts of artists. A user is considered to
“like” an artist if s/he has played songs by that artist for more than 60 times (it accounts for
over 60% of user-artist records in this dataset). We filter out users with fewer than five liked
artists and artists fewer than 20 “likes.”

Meanwhile, SASRec as a sequential recommendation model is tested on the following datasets
where the ordering of user behaviors is available.

• Amazon Beauty and Games. These two datasets are part of a series of Amazon re-
view datasets from Reference [33], which are widely used benchmarks for e-commerce
recommender systems. In our experiments, we use the proprocessed version from Kang
and McAuley [20].
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Table 1. Statistics of Datasets (After Preprocessing)

(a)
#users #items #actions sparsity # held-out users

ML-20M 136,674 13,681 10.0M 0.53% 20,000 (val)/20,000 (test)
LastFM 228,986 62,978 9.9M 0.07% 25,000 (val)/25,000 (test)

(b)
#users #items #actions avg. #actions /user

Beauty 52,024 57,289 0.4M 7.6
Games 31,013 23,715 0.3M 9.3

Taobao-100K 100,844 212,659 7.0M 69.0

• Taobao-100K. This dataset contains user behaviors during November 25 to December 03,
2017 on a popular Chinese online shopping website, Taobao. A subset of 100k users are
sampled from the original dataset [74] for experiments due to limited computational re-
sources. We regard clicks, adding to shopping carts, purchases as implicit feedback and filter
out product items with fewer than 10 behaviors.

Table 1 summarizes statistics of the datasets after data preprocessing and data partitioning.
We adopt the default model architectures and training forMult-DAE and SASRec as in their orig-

inal papers. For Mult-DAE, the DAE architecture is [m → 200→m]. For SASRec, the embedding
size is set to 50 and two self-attention blocks with the learned positional embedding are used. The
maximum sequence length is set to 200 for Taobao-100K and 50 for the other two datasets. If not
otherwise specified, then we use a kNN graph based on the Jaccard similarity and k is set to five.
The hyper-parameters in the proposed regularization term is reported in Table 5.
For fair comparison, we also follow the same evaluation protocols as used in Mult-DAE [27]

and SASRec [20]. For the former, a certain number of users are held out for validation and test;
for the latter, all users are used at training, while the last two behaviors of each user are held
out. These two evaluation protocols correspond to strong and weak generalization experiments in
Marlin [32], respectively. As for evaluationmetrics, Reference [27] uses rankingmetrics Recall@20,
Recall@50, and nDCG@100 to measure the performance of ranking all unclicked items. In contrast,
Reference [20] randomly samples 100 negative items for each user, and ranks these items with the
ground-truth item (101 items in total), based on whichHR@10 and nDCG@10 are evaluated. What
is slightly different from common practices is that the metric Recall@K used in Reference [27] is
computed as the following for each user u:

Recall@K =

∑K
k=1 I(ωu (k ) ∈ Iu )
min(K , |Iu |) ,

where ωu (k ) is the kth item recommended to user u and the denominator is the minimum of
K and the number of relevant items |Iu | (actually making itself a maximum of Precision@K and
Recall@K). The reader can find more details on the evaluation protocols in their original papers
[20, 27]. We use nDCG@K evaluated on the validation set to tune hyper-parameters for baselines
and the proposed, and then report the results achieved by the best configurations.

4.3 Results and Analysis

4.3.1 Main Results (RQ1). Table 2 summarizes recommendation performances when we ap-
ply different regularization approaches to Mult-DAE. We can see that the proposed graph-based
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Table 2. Recommendation Performance withMult-DAE as Baseline

Model
ML-20M LastFM

Recall@20 Recall@50 nDCG@100 Recall@20 Recall@50 nDCG@100
Baseline 0.3906 0.5224 0.4219 0.2863 0.4321 0.3629

GCN 0.3921 0.5251 0.4234 0.2931 0.4398 0.3685

GraRegE 0.3921† 0.5258† 0.4236† 0.2915† 0.4379† 0.3677 †
GraRegO 0.3930† 0.5285†‡ 0.4235† 0.2917† 0.4374† 0.3676†
GraRegEO 0.3941†‡ 0.5284†‡ 0.4249†‡ 0.2952†‡ 0.4414†‡ 0.3715†‡
Improv. 0.90% 1.14% 0.70% 3.11% 2.15% 2.36%

GCN denotes using graph convolution layers for both input and output. GraRegE and GraRegO represent the cases

where γO = 0 and γE = 0, respectively, while GraRegEO applies the proposed regularization on both input and out-

put embedding layers of Mult-DAE. Improv. shows improvement over Baseline. † and ‡ denote statistically significant

(p < 0.05 by the Student’s t-test) improvements over Baseline and GCN, respectively.

Table 3. Recommendation Performance with SASRec as Baseline

Model
Beauty Games Taobao-100K

HR@10 nDCG@10 HR@10 nDCG@10 HR@10 nDCG@10
TransRec [14] 0.4608 0.3020 0.6838 0.4557 - -

GRU4Rec+ [16] 0.3949 0.2556 0.6599 0.4759 - -
Caser [43] 0.4264 0.2547 0.5282 0.3214 - -

MF 0.3893 0.2424 0.6033 0.4003 - -
GraRegMF 0.4056 0.2533 0.6497 0.4212 - -
SASRec 0.4750 0.3206 0.7402 0.5397 0.7984 0.6106

GraRegSASRec 0.4986† 0.3330† 0.7607† 0.5528† 0.8138† 0.6310†
Improv. 4.96% 3.87% 2.76% 2.43% 1.92% 3.35%

GraRegSASRec applies graph regularization on the embedding layer of SASRec. Improv. denotes the performance

gains over SASRec. † denotes statistically significant (p < 0.01 by the Student’s t-test) improvements over SASRec.

Results of TransRec, GRU4Rec+ and Caser are taken from Kang and McAuley [20]. For reference, we also report

the performance of MF (low-rank matrix factorization) models without and with GraReg (denoted as MF and

GraRegMF, respectively).

regularization approach leads to improvements on both the ML-20M and LastFM datasets. It is
worth mentioning that MovieLens datasets are much denser than most other datasets in both
academia and industry. Thus, the around one percent improvement on ML-20M, despite seem-
ingly small, is notable, since the effect of regularization techniques is often believed to diminish
as more training data is used. We also observe that, while it is beneficial to apply the proposed
regularization to input or output embedding layers alone (i.e., GraRegE and GraRegO), they also
complement each other. Moreover, our approach outperforms the one that uses GCN layers (with
the same graph structure) for both input and output. We performed the one-sided Student’s t-test.
Results suggest that the improvements over both the �2 regularization and the GCN approach are
both statistically significant at the 0.05 level.
As shown in Table 3, we obtain consistent results when experimenting with SASRec. The

proposed graph regularization approach achieves up to 4.96% and 3.87% of improvements in
nDCG@10 and HR@10, respectively. The results of several state-of-the-art baselines are quoted
from Kang and McAuley [20]. This demonstrates that SASRec is a competitive baseline model and
the proposed regularization is able to boost its performance even further.
Finally, one can observe that the performance gains on the MovieLens-20M dataset over Mult-

DAE are smaller than the others. We hypothesize the main reason is that GraphReg is especially
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Table 4. Recommendation Performance in nDCG@100 on ML-20M and LastFM

After Removing the Top-k Popular Items in the Test Stage (Including when

Calculating the Normalization Factors for DCG)

k
ML-20M LastFM

Baseline GraReg Improv. Baseline GraReg Improv.
0 0.4219 0.4249 0.70% 0.3629 0.3715 2.36%
100 0.3458 0.3506 1.39% 0.3213 0.3313 3.12%
500 0.2832 0.2892 2.09% 0.2800 0.2919 4.25%
1,000 0.2531 0.2622 3.62% 0.2561 0.2692 5.13%
2,000 0.2205 0.2328 5.57% 0.2346 0.2489 6.07%

Table 5. The Hyper-parameters Used to Report the Results

for the Proposed Regularization

(a) (b)
λ γE γO λ γ = γE = γO

ML-20M 2 × 10−5 2 0.2 Beauty 1 × 10−7 2
LastFM 1 × 10−5 1 1 Games 1 × 10−6 4

Taobao-100K 1 × 10−8 8

Table 6. Recommendation Performance in Terms of nDCG@100 for Tailed Users

User Group
ML-20M LastFM

Baseline GraRegEO Improv. Baseline GraRegEO Improv.
bottom 1/32 0.1778 0.1877 5.55% 0.3754 0.3928 4.61%

bottom 1/16 0.2072 0.2120 2.31% 0.3515 0.3651 3.88%
bottom 1/8 0.2511 0.2545 1.36% 0.3520 0.3617 2.76%

overall 0.4219 0.4248 0.69% 0.3629 0.3715 2.36%

Users are ranked by the total popularity of their clicked items.

beneficial for sparser datasets (see Table 1 for some statistics), on which models’ generalization
capacity becomes more important.

4.3.2 Performance on Long-tail Users and Items (RQ2). As shown in Table 4, the proposed reg-
ularization approach achieves more substantial improvements when recommending less popular
items. This might be partially because popular items pretty much dominate the top of recommen-
dation lists, which allows less room for personalization. More importantly, it is also because less
popular items have less related training samples so that it becomes more significant to be able to
transfer knowledge from other correlated items with the graph regularization.
Meanwhile, motivated by the analysis on Equation (12) in Section 3.1, we sort users by the total

popularity counts of their clicked items and report the performance results for users on the tail.
Results in Table 6 show that the proposed regularization is more beneficial to users who have
less common behaviors with the majority. Although it only gets a 0.69% relative improvement in
NDCG@100 on the ML-20M dataset overall, we can observe a 5.55% relative gain for the bottom
1/32 users.
Therefore, our proposed graph-based regularization approach works better for long-tail items

and users for which less training samples are available.

4.3.3 Further Analysis (RQ3). We plot the learning curves of SASRec on Games and Taobao-
100K in Figure 1. On both datasets, although the training loss at convergence increases, we can
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Fig. 1. Learning curves of SASRec with the �2 regularization (dash-dotted line) and with the proposed graph

regularization (solid line) on Games and Taobao-100K.

Table 7. The Performance of Predicting Item Categories in Taobao-100K

with Their Embeddings Obtained from Different Models

Skipgram Deepwalk Baseline GraReg
NMI 0.534 0.561 0.581 0.607

Accuracy 0.485 0.485 0.572 0.609

achieve higher nDCG@10 on the test sets. This suggests that the proposed regularization can
indeed reduce overfitting and lead to better generalization. Besides, we can observe that the training
loss of the proposed approach decreases more quickly at the beginning. This is because the graph-
based regularization can also provide useful training signals (which amounts to item-item losses)
and help with optimization by encouraging more well-structured parameters as opposed to such
“uninformative” regularization methods as the �2 penalties and dropout.

We also investigate the quality of the embeddings, which is crucial for neural recommenda-
tion models. We leverage the category information available in Taobao-100K where each item
belongs to one of the 3,929 categories. We first run K-means to cluster the embeddings into 3,929
classes and compute NMI (normalized mutual information) between the clustering and ground-
truth categories. Also, we split items into training (50%) and test (50%), and train a softmax clas-
sifier on the training set to predict items’ categories with their embeddings as features. Since the
proposed method can be considered as joint training with item-based models as discussed in Sec-
tion 3.5, we also compare with two item embedding models, Skipgram [34] and Deepwalk [36].
As in Table 7, embeddings learned from SASRec as a state-of-the-art sequence recommendation
model outperform those from Skipgram and Deepwalk; the proposed regularization complements
sequence modeling in terms of obtaining high-quality embeddings.

4.3.4 Effect of Different Graphs (RQ4). In Section 3.3, we discuss two guidelines for graph con-
struction: “accurate edges” and “balanced distribution.” We intended to empirically validate the
two guideline in our experiments.
Accurate edges.Wegradually replace edgeswith pairs of uniformly random items and compare

the performance when using this noisy version of the graph. Figure 2 shows that the performance
indeed declines as the proportion of noisy edges increases. This might not be surprising, but the
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Fig. 2. Performance of the corrupted graphs at different noise ratios. Solid lines and dashed lines denote the

proposed approach, GraReg, and the corresponding baseline models (Mult-DAE and SASRec), respectively.

Fig. 3. Performance of the kNN graphs across different choices of k . Solid lines and dashed lines denote the

proposed approach, GraReg, and the corresponding baseline models (Mult-DAE and SASRec), respectively.

curves also suggest that the proposed graph-based regularization is robust to the quality of graphs:
it still outperforms the baseline until around 60% to 80% of edges are corrupted.
In addition, Figure 3 shows the results when using different choices of cutoff k . The perfor-

mance in nDCG first goes up and then gradually decreases as k increases. This can be explained
as the classic bias-variance tradeoff: the model becomes more regularized as the number of edges
increases; there might be more inaccurate edges at the same time.
Balanced Distribution. We compare the performances of the kNN graphs constructed with

the number of co-occurrences in users’ behavior sequences (Co-click) and the Jaccard similarity
(Jaccard), respectively. As discussed in Section 3.3, the former might be highly biased towards
popular items, since they have more chances to be co-clicked with other items, while the Jac-
card similarity is (equivalently) normalized by item popularity. We are also interested in an al-
ternative solution to balance degree distributions, which uses the kNN graph based on co-clicks
while weighting edges proportional to the inverse item popularity in the loss function (weighted
Co-click). As shown in Figure 4, Jaccard outperforms the other counterparts. Although weighted

Co-click avoids popular items from dominating the loss, tailed items might have very little chance
of being retained due to the top-k truncation. For instance, on the Games dataset, only 67.1% of
items have appeared in the top-k list of more than one item compared with 96.2% in Jaccard.
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Fig. 4. The performance of different construction methods. Co-click and Jaccard denote the kNN graphs

based on the number of co-occurrences in user behavior sequences (i.e., |Ui ∩Uj |, where Ui denotes the

set of users who have clicked item i and so forth) and the Jaccard similarity (i.e., |Ui ∩Uj |/|Ui ∪Uj |),
respectively. Weighted Co-click represents weighting the edges of Co-click with inverse item popularity in

the loss function.

4.3.5 Effect of Hyper-parameters (RQ5). We plot the performance of GraReg on SASRec with
regard to the hyper-parameters (i.e., λ and γ = γE = γO ) in Figure 5. We can see that, with a prop-
erly tuned weight of the overall regularization term λ, the proposed regularization method is not
very sensitive to the added hyper-parameter γ that controls the contribution of graphs. In other
words, compared with the �2 regularization, our proposed approach not only incurs no extra com-
putational burden but also does not require much additional hyper-parameter tuning.

4.4 Discussion

In this section, we mainly discuss when the proposed GraReg is beneficial. Broadly speaking, sim-
ilar to other regularization techniques, there is generally a tradeoff between biases (e.g., the graph
might be flawed as discussed previously) and variances (to improve robustness and avoid over-
fitting) when imposing GraReg to recommendation models. However, extensive theoretical and
empirical studies show that GraReg is especially effective in the following cases:

• Sparse data. If data is too sparse, then neural models are prone to memorize all the labels
and have very poor generalization capacities. However, generalization is of crucial impor-
tance in recommender systems, since they are generally expected to discover new potential
user interests. Comparison between results on the ML-20M dataset and the LastFM dataset
clearly demonstrate this point.

• Unbalanced data (long-tailed items/users). In addition to the scale of data, the distri-
bution is important as well. If the data were highly skewed, then items or users with rela-
tively less training samples would often be “ignored” by data-driven training processes. This
would lead to non-optimal performances of recommender systems and even some fairness
issues especially on the user side. Results in Section 4.3.3 suggest that GraReg can dra-
matically improve model performances on long-tailed items/users and help to mitigate this
problem.

• No relational constraints considered in the model. As suggested by some recent stud-
ies (see Section 5.2), explicitly imposing relational constraints is a very effective way to im-
proving recommendation performances. The proposed GraReg is one approach of this type.
Nonetheless, there are other important methods such as GNNs (Graph Neural Networks) [3]
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Fig. 5. Sensitivity of the proposed regularization on SASRec w.r.t. hyper-parameters λ and γ = γE = γO .

Table 8. Performance of the Proposed GraReg on a State-of-the-Art GNN-based

Sequential Recommendation Model, SR-GNN [57], on the Diginetica Dataset

All Non-repeated
Recall@20 MRR@20 Recall@20 MRR@20

SR-GNN 0.507 0.176 0.441 0.133
SR-GNN w/ GraphReg 0.511 0.176 0.449 0.136

Improvement +0.8% +0.0% +1.8% +2.3%

For more details on the experimental setup, please refer to Wu et al. [57]. All means using all

the test samples in the original dataset, while Non-repeated stands for filtering out those test

samples where the target item once appears in the user sequence.

that can also take proper relational inductive biases into consideration, although we have
shown that the proposed regularization approach has some better theoretical properties
(see Section 3.5.2) and, in practice, is more lightweight to deploy than graph convolutions.
If similar inductive biases (especially in the form of graphs) are already considered in the
model architecture, then we hypothesize that GraReg would be less beneficial. That being
said, the results in Table 8 show that GraReg can still aid the performance of GNN-based rec-
ommendation models (more significantly for recommending novel items) as a complement

to GNNs in encoding graph relations into models.
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5 RELATEDWORK

5.1 General Recommendation

The goal of recommendation algorithms is to infer relevant items to users from their historical
behaviors. Matrix factorization (MF) [24] is one of the most popular approaches to recommender
systems. MF models aim to learn latent representations for users and items, respectively, and use
their inner products to capture users’ preference to different items. Recently, deep-learning-based
recommendation models have become prevalent. He et al. [15] replace the inner product in
MF with a deep neural architecture. Covington et al. [9] propose a deep neural architecture for
youtube video recommendation. Autoencoders are applied to collaborative filtering in several
works as well, e.g., [19, 27, 58]. Xue et al. [62] propose a deep variant of item-based collaborative
filtering (ICF) methods, called DeepICF, which also uses the attention mechanism to attend to
discriminative items. The popularity of deep-learning methods is not only attributed to their
superior performance but also to their flexibility in incorporating both collaborative signals and
content-related signals (e.g., References [13, 49, 68, 70]).

Another line of research aims to leverage deep-learning approaches to capture sequential pat-
terns of user behaviors. The core idea of these works is to model the user behavior sequences
analogously to word sequences with various recurrent architectures (e.g., GRU and LSTM) [16, 17,
25, 65]. Other than recurrent neural networks, inspired by their successes in text modeling, CNN
and self-attention are also introduced to capture the temporal patterns in user behaviors [20, 41,
43, 67]. For example, Tang and Wang [43] and Yuan et al. [67] employ the convolutional filters to
learn the sequential patterns in user behaviors, while SASRec [20] and BERT4Rec [41] adopt the
self-attention blocks in Transformer [45] with different direction settings.

The missing data problem is an intrinsic and important issue in recommender systems [28, 30].
We can only observe users’ feedbacks (e.g., ratings, clicks, purchases) on a small subset of items,
and other unobserved items can be either disliked or unknown. Most recommendation models
treat all the unobserved items equally. However, this assumption may sometimes be troublesome,
because unobserved items are by no means all irrelevant to users (otherwise, there is no point
making recommendations). Pan et al. [35] propose to use handcrafted weighting schemes and
negative sampling strategies to overcome this issue. Zhang et al. [71] propose to use a path-based
model to propagate users’ behaviors over graphs to produce more informative training labels.
The proposed approach tackles this issue from a regularization perspective; Section 3.5.1 shows
that our approach implicitly propagates sparse multi-hot encodings, which assume all unobserved
items are irrelevant (0), into smoother distributions over items.

5.2 Graph-based Recommendation

Path-based recommendation models have been widely studied in the literature. Yu et al. [66] use
meta-paths [42] in heterogeneous information networks (HINs) to diffuse user-item preferences
and then exploit MF techniques to calculate latent vectors for users and items for implicit
recommendation. Shi et al. [39] extend this work to weighted paths for explicit recommendation.
Zhao et al. [72] propose to exploit MF to extract latent features from different meta-paths and then
use factorization machines with Group lasso to combine these features. Shi et al. [38] propose
a heterogeneous network embedding method for recommendation (HERec) based on meta-path
guided random walks. Wang et al. [47] propose an end-to-end framework called RippleNet,
which leverages knowledge graph embeddings to propagate user preferences through paths in
knowledge graphs with attention mechanism.
Recently, there has also been extensive work on using graph convolutions in recommender

systems to model high-order proximity among users and items (e.g., References [4, 11, 48, 51,
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52, 64, 73]). SpectralCF [73] exploits a spectral convolution operation on the bipartite graph of
users and items to model high-order proximity in the spectral domain. Wang et al. [52] propose
Neural Graph Collaborative Filtering (NGCF), which exploits the user-item graph structure by
propagating embeddings on it. Fan et al. [11] propose a graph neural network architecture to
incorporate social networks with user-item interactions. Besides our theoretical comparison with
graph convolutions in Section 3.5.2, the proposed regularization approach is a more lightweight
“plugin” at training and introduces no overhead afterwards in practice.

5.3 Regularizing Recommendation Models

Ma et al. [31] propose to regularize users’ latent vectors with social relationships. CoFactor [26]
regularizes MF with item co-occurrence by jointly decomposing the user-item interaction ma-
trix and the item-item co-occurrence matrix with shared item latent factors. Tran et al. [44] and
Hop-Rec [63] share similar ideas in exploiting second-order and higher-order proximity among
users and items to regularize MF models. More specifically, in Hop-Rec, the similarity between
two items/users is defined by the overlaps of their k-hop neighbors and embeddings for similar
items/users are regularized to be similar. RCF [61] and MKR [50] both propose to jointly train
recommendation models and knowledge embedding models where the latter tasks can effectively
regularize the former ones with domain knowledge encoded in the knowledge graphs.
Our work is most related to Rao et al. [37], which studies some theoretical properties when

applying pair-wise constraints on user and item latent vectors in MF models. Compared with Rao
et al., the contribution of this article lies in the following two aspects: (1) our work aims to provide
researchers and practitioners in this community with approachable insights on why to use the
graph regularization for embedding layers, and thus the theoretical analysis in this article has
more practical implications; (2) more importantly, this work extends MF to a more general case
with very different theoretical techniques, and we also conduct extensive empirical studies with
two state-of-the-art deep-learning-based recommendation models.

6 CONCLUSION

In this article, we study regularization on embedding layers by focusing on a typical and practical
problem, item recommendation. We first show, with a simplified model, that the widely used �2
regularization for regular neural layers has some issues when applied to embedding layers. The
main reason is that �2 regularization assumes the layer being regularized lies in the Euclidean
space, while the inner product and distance in the Euclidean space cannot capture correlations
between items. Motivated by our analysis, we propose a graph-based regularization term to serve
as a counterpart of �2 penalties for embedding layers, which is applicable to general neural recom-
mendation models, and discuss its relationships to other approaches from different perspectives.
Extensive experiments show the effectiveness of the proposed approach and support our theoret-
ical analysis.
For future work, we plan to explore more principled approaches to construct graphs from data.

We are also interested in developing further theoretical results for the proposed regularization
method with more complicated recommendation models.
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APPENDIX

A PROOFS

A.1 Proof for Proposition 3.1

The functions in the induced Hilbert space is of the form

f (x) =

p∑
i=1

K (xi, x)ci =

p∑
i=1

KOci ·
(
xi
�KEx

)

= KO

p∑
i=1

(
ci · xi�

)
KEx = (KOCXKE)x. (26)

Since KE and KO are non-singular, matrix Θ = KOCXKE can take any value in Rm×m . Plugging
kernel function K (xi,x i ) = (xi

�KExj) · KO into Equation (2), we obtain the induced norm

‖ f ‖H =
√√√ p∑

i=1

p′∑
j=1

(
x�i KExj

)
·
(
c�i KOcj

)

=

√√√ p∑
i=1

p′∑
j=1

[XKEX
�
]i, j · [C�KOC]i, j

=

√
tr((XKEX

�
)·(C�KOC))

=

√
tr
[
(XKE)K

−1
E
(XKE)� · (KOC)�K−1O (KOC)

]

=

√
tr
[
K−1
E
(KOCXKE)�K−1O (KOCXKE)

]

=

√
tr
(
K−1
E
Θ�K−1

O
Θ
)
,

(27)

where the second to the last line is due to the cyclic property of trace operator.

A.2 Proof for Proposition 3.2

We will show that the convex envelope of f ((A,B)) = tr(AB) over the set M = {(A,B) ∈ Sn ×
Sn |O � A,B � I ,σn (A) + σn (B) ≥ 1} (σ1 (·), . . . ,σn (·) are eigenvalues of matrices in descending
order) is tr(A) + tr(B) − n with the fact that bi-conjugate function f ∗∗ is the (closed) convex enve-
lope of f .

A.2.1 Conjugate Function of f ((A,B)). According to the definition, the conjugate function of
f ((A,B)) is

f ∗ ((C,D)) = sup
(A,B)∈M

tr(AC) + tr(BD) − tr(AB). (28)

The domain of f ∗ is Sn × Sn , since its value is bounded everywhere.
We consider a subset ofM denoted byM′, where A and B have the same eigendecomposition

as C and D, respectively (i.e., A = UΣAU
� and C = UΣCU

� for some orthogonal matrix U and
the same with B), so that tr(AC) =

∑n
i=1 σi (A)σi (C) and tr(BD) =

∑n
i=1 σi (B)σi (D). Meanwhile,

thanks to von Neumann’s trace theorem, tr(AB) ≤ ∑n
i=1 σi (A)σi (B) with equality when A and B

have the same eigendecomposition. Thus,
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f ∗ ((C,D)) ≥ sup
(A,B)∈M′

tr(AC) + tr(BD) − tr(AB)

= sup
(A,B)∈M′

n∑
i=1

σi (A)σi (C) −
n∑
i=1

σi (B)σi (D) − tr(AB)

≥ sup
(A,B)∈M′

n∑
i=1

(σi (A)σi (C) + σi (B)σi (D) − σi (A)σi (B))

≥
F∑
i=1

(σi (C) + σi (D) − 1) +
n∑

i=F+1

max(σi (C),σi (D)),

where F slices indices into two parts such that σi (C) ≥ 1 and σi (D) ≥ 1 if and only if 1 ≤ i ≤ F .
In the last line of Equation (29), we plug in a particular solution (A∗,B∗) in M′: for 1 ≤ i ≤ F ,
σi (A

∗) = 1 and σi (B
∗) = 1; for i > F , σi (A

∗) = 1 and σi (B
∗) = 0 if σi (C) ≥ σi (D), while, otherwise,

σi (A
∗) = 0 and σi (B

∗) = 1.

A.2.2 Conjugate Function of f ∗ ((C,D)). By definition,

f ∗∗ ((A,B)) = sup
(C,D)

tr(AC) + tr(BD) − f ∗ ((C,D)). (30)

We denote l (C,D) = tr(AC) + tr(BD) − f ∗ ((C,D)). By plugging Equation (29) into l (C,D) and as-
suming max(σi (C),σi (D)) = σi (C) for i > F without loss of generality, we have

l (C,D) ≤tr(AC) + tr(BD) −
F∑
i=1

(σi (C) + σi (D) − 1) −
n∑

i=F+1

max(σi (C),σi (D))

≤
n∑
i=1

σi (A)σi (C) + σi (B)σi (D) −
F∑
i=1

(σi (C) + σi (D) − 1) −
n∑

i=F+1

max(σi (C),σi (D))

=

F∑
i=1

[(σi (A) − 1)σi (C) + (σi (B) − 1)σi (D) + 1]

+

n∑
i=F+1

[σi (A)σi (C) + σi (B)σi (D) −max(σi (C),σi (D))]

=

F∑
i=1

[(σi (A) − 1)σi (C) + (σi (B) − 1)σi (D) + 1]

+

n∑
i=F+1

σi (D) (σi (A) + σi (B) − 1) +
n∑

i=F+1

(σi (A) − 1) (σi (C) − σi (D))

≤
n∑
i=1

(σi (A) + σi (B) − 1) + 0 = tr(A) + tr(B) − n,

(31)

where the equality holds when C = D = I. The first inequality is obtained by plugging Equa-
tion (29) into Equation (30). The last inequality in Equation (31) is because σi (A) − 1 ≤ 0,σi (B) −
1 ≤ 0 and σi (A) + σi (B) − 1 ≥ 0, while σi (C),σi (D) ≥ 1 for 1 ≤ i ≤ F and min(σi (C),σi (D)) =
σi (D) < 1 for i > F (the equality is achieved if F = n). When C = D = I, A∗ = B∗ = I and there-
fore the equality in Equation (29) also holds in this case. Thus, f ∗∗ ((A,B)) = sup(C,D) l (C,D) =
tr(A) + tr(B) − n over the setM.
Therefore, the convex envelope of tr(AB) over the setM is tr(A) + tr(B) − n.
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A.3 Proof for Proposition 3.3

Because of the linearity of functions inH , f (x + Δx ) − f (x) = f (Δx ). Thanks to the reproducing
property in Equation (3) and the Cauchy-Schwarz inequality,

〈f (Δx ), c〉 = 〈f ,K (·,Δx )c〉H
≤ ‖ f ‖H · ‖K (·,Δx )c‖H
= ‖ f ‖H

√
c�K (Δx ,Δx )c

= ‖ f ‖H ·
√
Δx�KEΔx ·

√
c�KOc.

(32)

Let c = K−1
O
f (Δx), and then we have

‖ f (Δx)‖2
K−1
O

≤ ‖ f ‖H · ‖Δx‖KE
· ‖ f (Δx)‖K−1

O
. (33)

Thus, ‖ f (x + Δx ) − f (x)‖K−1
O
= ‖ f (Δx)‖K−1

O
≤ ‖ f ‖H · ‖Δx‖KE

.

A.4 Proof for Proposition 3.4

The matrix I + γLG is an M-matrix, because it is strictly diagonally dominant with non-positive
off-diagonal entries. Since the inverse of M-matrices are component-wise non-negative, so is
(I + γLG )−1. Because Laplacian matrices always have a zero eigenvalue corresponding to all-ones
eigenvector 1,

(I + γLG ) · 1 = 1 + γ · 0 = 1⇒ (I + γLG )−1 · 1 = 1.

Thus, each row (and hence each column by symmetry) of (I + γLG )−1 sums to one.

A.5 Proof for Proposition 3.5

Since KO and KE are non-singular matrices, it is valid to change variables. PluggingΘ = (K1/2
O

Φ2) ·
(K1/2

E
Φ1)
� = K

1/2
O

ΦK1/2
E

into Equation (27),

‖ f ‖H =
√
tr
(
K−1
E
ΘK−1

O
Θ�
)

=

√
tr
(
K−1
E
K
1/2
E

Φ
(
K
1/2
O

K−1
O
K
1/2
O

)
Φ�K1/2

E

)
=
√
tr(ΦΦ�) = ‖Φ‖F .

(34)
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